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General aspects of electron 
correlation 
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What is electron correlation? 
A typical energetic view 
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The harmonic helium atom as a 
simple example 
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The HF wavefunction of real 
Helium atom   
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A “geminal” wavefunction for real 
Helium atom 
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The nature of electron correlation and 
its consequences 

§  The electron correlation is “intrinsic” to electronic systems.  
In other words, it is “reference” independent thus HF 
method is just “a” why to “gauge” this correlation 

§  So, there is a “physics” behind electron correlation. This 
physics manifests itself in wavefunction and consequently 
in all observables not just energy 

§  For many-electron systems, correlation complicates the 
wavefunction considerably in contrast to the HF method 
and its simple Slater determinant wavefunction 

§  Electron correlation may be categorized into various 
“types”…           
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Estimating correlation energy in 
many-electron atoms and molecules 

§  Most of our knowledge on correlation energy in 
atoms and molecules has been derived from 
computational considerations rather than analytical 
studies 

§  In atoms, electron correlation contribution to total 
energy is less than 1% and almost proportional to 
the number of electrons 

§  In molecules, the estimation of  
   the correlation energy is not straightforward.  
   Thus, “direct” calculation of the correlation energy 

is yet the only safe means to estimate this 
quantity…    
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Why Coupled Cluster (CC) 
method? 
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Explicitly correlated wavefunctions: Extending 
the idea of the geminals 
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Extending the idea to many-electron 
systems 
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The need for incorporating 
correlation without explicitly 

correlated wavefunctions 
§  The computational demands for “variational” 

derivation of explicitly correlated wavefunctions are 
large 

§  Thus, their use is yet limited to only few-electron 
systems  

§  For larger systems, electron correlation must be 
incorporated “indirectly”  

§  Most of such indirect methods use HF wavefunction 
as their starting point and are less efficient in 
capturing the correlation  
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“Brute force” variational and perturbational 
procedures: The CI and MPn methods 
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Why going beyond the brute force 
methods? 

§  Brute force procedures rely only on “mathematical” 
techniques and theorems, e.g. the variation theorem and 
perturbation method, rather the “physics” underlying the 
electron correlation 

§  Such “blindness” reveal itself in large CI expansions or 
divergence/oscillation of MPn series whereas the explicitly 
correlated methods are describing systems with much more 
“compact” wavefunctions  

§  So, it is desirable to have a method for treating electron 
correlation that does not have the computational demands 
of the explicitly correlated methods but also invokes the 
“physics” of the electron correlation in proposing its basic 
wavefunction…   



16 

The basic idea of “pair correlation” 
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Pair correlation and beyond 
§  Instead of explicit correlation, each pair of electrons are correlated upon 

the basic idea of “pair correlation” 
§  Mathematically, this means that the correlation of two electrons are 

described by “virtual excitations” from occupied to unoccupied/virtual 
orbitals derived from HF method 

§  The virtual orbitals are used to describe the changes induced upon 
correlation 

§  Although this is an “indirect” way of accounting the electron correlation 
in contrast to explicitly correlated methods, it is much more “physical” 
than the brute force methods 

§  The idea may simply be extended by considering both “independent” 
pair excitations as well as “triple”, “quadruple”, … excitations 

§  The last option points to the fact that that a “cluster” of electrons not just 
a pair may be correlated in electronic systems 

§  If the relative importance of various types of “cluster correlations” is 
known then a systematic approach for considering the electron 
correlation problem is in hand….                 
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Pictorial representation of the virtual 
excitations and the cluster correlation   
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Some mathematical facts behind 
pictorial representation: pair 

correlations 
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The “cluster expansion” 
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Comparing the cluster and CI 
expansions 
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The physics behind cluster expansion 
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Basics of the Coupled Cluster  
(CC) method 

§  The final goal of CC method is deriving  
the cluster operator that  transforms the 
HF wavefunction into exact wavefunction 

§  To derive this operator, the explicit form 
of “excitation” operators must be known 
that contain unknown coefficients termed 
“amplitudes” 

§  The practical implementation of  
   CC method is reduced to finding 

amplitudes  



24 

Variational CC: Non-standard 
approach  
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Standard formulation: Deriving total 
Energy 
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Standard formulation: Deriving basic 
equation for amplitudes 
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Standard formulation: Details of the 
equations for amplitudes 
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Truncated CC methods: Basic 
ideas 

§  So far everything was exact and the structure 
of CC method was equal to the FCI 

§  In the truncated CC methods the excitation 
operator is truncated as at a certain level of 
excitation 

§  All truncated CC methods are size-extensive 
namely, the energy of total system is the sum 
of the energies of the separated subsystems 
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Truncated CC methods: 
terminology 
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A detailed look on the CCSD 
equations 
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Continued… 
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How to solve the amplitude 
equations 

§  The amplitude equations are non-linear and must 
be solved by “iterative” methods using an initial 
guess for amplitudes 

§  The equations involve matrix elements of 
Hamiltonians that are finally expressed based on 
standard one- and two-electron molecular integrals 

§  Each integral may be expanded using Gaussian 
basis sets thus the basic integrals are those also 
evaluated in CI and MPn methods     
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Beyond CCSD: CCSD(T) 
§  As will be discussed, CCSD is not quantitatively quite 

accurate so the next step is CCSDT method 
§  However, CCSDT is computationally demanding thus many 

simpler variants of this method have been proposed that 
omit some of computationally expansive amplitudes where 
methods like CCSD(T), CCSD[ T ], CCSDT-1, CCSDT-3 
are examples 

§  From such methods CCSD(T) is the most popular one 
§  Computational experiences demonstrate that CCSD(T) is 

one of the most accurate and in the same time 
computational tractable ab initio methods 

§  The prominence of the CC methods relative to the other ab 
initio methods demonstrate that they capture the “physics” 
of electron correlation better than their rivals           
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A comparative computational 
study of Beryllium atom: An 

illustrative example 
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A comparative computational study 
on some simple molecules 
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Continued… 
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The structure of a CCSD(T) single point 
calculation by the “Gaussian” package   
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The quantitative performance of 
CC methods  
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“Errors” in the ab initio methods 

§  The goal of ab initio computational quantum 
chemistry is the solution of the electronic 
Schrödinger’s equation 

§  Present day ab initio calculations are composed of 
two ingredients, a method and a basis set 
(method/basis set)   

§  Each one of these ingredients bring with 
themselves their own errors of “incompleteness”  

§  The final goal is reaching to the “chemical 
accuracy”…    
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A pictorial view to the nature of errors in 
the ab initio calculations  
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Correlation consistent “hierarchy” of 
basis sets 

§  Correlation consistent hierarchy is composed of various 
“families” each containing five to seven members 

§  The simplest family is the cc-pVXZ where X is called the 
cardinal number of basis set (X=D, T, Q, 5, 6, 7) 

§  In each family the number and type of Gaussian functions 
of members grow systematically upon going from X=D to 
X= 7 

§  There are other families like aug-cc-pVXZ or cc-pCVXZ 
containing extra diffuse function or basis functions for 
description of core regions, respectively   

§  The design of each family is such that a “smooth” 
convergence toward the “infinite” basis set limit is 
guaranteed 

§  A smooth convergence makes “extrapolation” toward the 
infinite basis set limit feasible which is the main advantage 
of a hierarchy 
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The details of correlation consistent 
(cc) hierarchy 
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A pictorial view of the “convergence pattern” 
of a hierarchy of basis sets 
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A comparison of the cc hierarchy and 
Pople-type basis sets at HF level   
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A comparison of the cc hierarchy and Pople-
type basis sets at MP2 and CCSD levels 
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The convergence pattern of the cc 
hierarchy with HF, MP2 and CCSD 

methods 
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Extrapolation of the correlation energy to 
the “infinite” basis set limit: Analytical 

methods 
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“Two point” extrapolation scheme 
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The convergence pattern of the binding 
energy of nitrogen molecule at HF level  
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The convergence pattern of the binding 
energy of BH molecule at HF and FCI 

levels 
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Systematic survey of the CC method 
performance 

§  In order to start the survey a set of molecules with well-
known/well-measured properties is needed  

§  Then, various properties of each molecules must be 
computed with the CC method as well as its “rivals”, e.g. 
HF, CI and MPn (n=2-4) ab initio methods   

§  Statistical analysis of errors makes a precise comparative 
analysis possible 

§  The set of molecules may be extended and the whole 
analysis may be redone 

§  One hopes that such analyzes reveal the relative 
performance of various ab initio methods as well as 
deciphering “systematic errors” in various set of molecules 

§  The discovery of systematic errors open the door for 
“designing” “composite” methods for estimating relative 
energies   
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The reference set of molecules 
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Statistical measures of errors 
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Pictorial representation of the statistical 
errors by “normal distributions”  
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Statistical measures for the set of bond 
distances 
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Normal distributions for the set of bond 
distances 
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Continued… 
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Normal distributions for the set of bond 
angles 
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Continued… 
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What we learn from the Statistical 
analysis? 

§  “Error cancellations” namely, the cancellation of error 
of basis set and error of method, are “deceptive” and 
may trigger confusion on the “intrinsic” performance 
of a method 

§  There are clearly “systematic errors” in normal 
distributions, e.g. HF predicts too short bond 
distances with large basis sets while MP2 predicts 
too long bond distances with small basis sets  

§  A knowledge of the systematic errors may help us to 
introduce “empirical” corrections 

§  CCSD(T) method has the best performance not only 
for its small mean values but also for its “narrow” 
error distributions with large basis sets   
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Experimental and CCSD(T) computed 
electric dipole moments 
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Ab initio computed electric dipole 
moments at various ab initio levels 



65 

Total energies 
§  Energy is probably the most important quantity for 

chemists since it controls both thermodynamics and 
kinetics 

§  It is hard to estimate total energies using ab initio 
methods with the chemical accuracy (~1.0 Kcal/mol) 
since the correlation energies converge rather slowly 
with cardinal number of the hierarchies 

§  Typically, even at X=6 the mean error in total energy is 
~10 mili-Hartree (~6 Kcal/mol) and for a mean error ~1 
mili-Hartree (~0.6 Kcal/mol) one needs X=12 or an 
explicitly correlated method that both are 
computationally intractable 

§  Thus, extrapolation techniques or composite methods 
based on empirical corrections are indispensable…       
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“Anatomy” of the correlation energy 
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Continued… 
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Basis set convergence patterns 
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Relative energies 
§  Chemists are usually interested in “relative” energies 

rather than total energies 
§  This includes atomization energies, enthalpies of 

chemical reactions, conformation barriers, etc. 
§  There are “error cancellations” in computing relative 

energies so the pattern of convergence of relative 
energies needs an independent consideration 

§  There are “extra” energetic contributions to relative 
energies, beyond the ab initio computed total 
energies, that must be taken into account to make a 
meaningful comparison between experimental and 
computational data feasible         
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How to derive “experimental” 
atomization energies? 
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Zero point corrections 
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Relativistic corrections 
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Experimental atomization energies 
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Statistical errors of computed 
atomization energies 
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A pictorial view of the statistical errors 
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Normal distribution of errors  
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Extrapolation of atomization energies to the 
infinite basis set limit 
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Comparison of normal distribution of 
errors of directly computed and 

extrapolated atomization energies  
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Final results for the atomization energies 



80 

Enthalpies of reactions: The test set  
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“Electronic” contribution to 
enthalpies  



82 

Statistical errors of the computed 
reaction enthalpies 
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Normal distribution of errors  



84 

Extrapolation of reaction enthalpies to the 
infinite basis set limit 
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Final results for the reaction enthalpies 
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Conformational barriers: The torsional 
barrier of ethane (11.4 KJ/mol)  
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“Composite” methods and “additive 
schemes” for the estimation of 

relative energies 
§  The “additive schemes” are based on the 

assumption of computing different “contributions”, 
e.g. HF, double excitations, triple excitations, core 
correlations, etc., at different ab initio levels and 
then adding them to yield the final result 

§  “Empirical corrections” are also added to the 
composite methods to compensate for systematic 
errors and reaching the chemical accuracy 

§  Many such methods like Gn (n=1-4), T1, ccCA, 
CBS, Wn (n=1-4) have been proposed and 
implemented in user friendly ab initio softwares  

§  Computational experiences confirm the efficiency of 
these schemes…  
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The origin of additive schemes  
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G2 methodology: steps 1-3 
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G2 methodology: step 4 
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G2 methodology: steps 5,6 
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G2 methodology: step 7 
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An brief overview of statistical errors of G2  
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Conclusions 
§  Generally, correlation inclusion is indispensable 

for chemical accuracy 
§  In reactions or conformational changes when the 

“electronic reorganization” is small, then “error 
cancellations” may diminish the importance of 
correlation in computing relative energies  

§  CCSD(T) is yet the best ab initio method for 
treating “single reference” systems though even 
with largest basis sets extrapolation is inevitable 
to reach the chemical accuracy 

§  For systems composed of many or heavy atoms 
CCSD(T) is computationally demanding thus semi-
empirical schemes like composite methods are 
needed to estimate relative energies          
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attention 


